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1. In classical mathematics a difference relation is introduced as the 
negation of an equivalence relation. In intuitionistic mathematics it is 
desirable to have besides such negative notions of difference other ones 
of a more constructive character. Such notions were introduced by 
BROUWER (cf. e.g. [1]). The negations of these difference relations are 
again equivalences. If we consider those relations for which the negations 
are equivalences several kinds of them can be distinguished. In 2. the 
relationship between the various kinds of difference relations is investigated. 
In 3. it is determined to which classes the difference relations introduced 
by BROUWER (cf. [2] and [3]) belong (after having added one relation 
that fits naturally into the diagram of difference relations drawn up by 
BROUWER). In 4. it is shown that on a suitable species of located compact 
species (cf. [5], [9]) the Entfernungsrelation (cf. [2]) is in the same class 
as the apartness relation for real numbers (cf. [9], sect. 2.2.3., ths. 2,4). 
2. Classically a relation (!, which is the negation of an equivalence 
relation a has properties: 
D1 (x) [le(x, x)] 
D2 (x)(y) [e(x,y) --?(!(y,x)] 
D3 (x)(y)(z) [e(x, z) --? e(x, y) v e(y, z)]. 
Intuitionistically the negation e of an equivalence relation a satisfies 
D1 and D2, but generally not D3, because of the non-validity of de 
Morgan's implication l(p & q) --? lp v lq in intuitionistic propositional 
calculus. However e has the following weaker property: 
D5 (x)(y)(z) [e(x, z) --? ll(e(x, y) v e(y, z))]. 
According to D3 and D5 we distinguish the following kinds of difference 
relations: 
Definition 2.1: An a-difference relation is a relation satisfying 
D1, D2, D3; a y-difference relation is a relation which satisfies D1, D2, D5. 
The species of equivalence relations, of a-, and of y-difference relations 
will be denoted by e, a and y respectively. Since D3 --? D5 we have 
a C y which we write as a --? y. The species of negations of equivalence 
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relations will be denoted by 8 and the species of negations of <X-, 
y-difference relations by <X, y respectively. With this notation we have 
Theorem 2.1: 8 _,.. y. 
There exist elements in y which are not in e' e.g. the relation X # y 
for real numbers (cf. [7] and [9], sect. 8.1.2.) which shows that the 
inclusion is a proper one. 
A relation is called stable if it is equivalent to its double negation 
( cf. [8]), i.e. if (x)(y) [lle(x, y) _,.. e(x, y) ]. The subspecies of stable 
relations of some species of relations is indicated by adding an 8 to the 
symbol of the latter species, thus s8, <X8, y8. 
Remark 2.1: Between D3 and D5 there is a property 
(x)(y)(z) [e(x, z) _,.. lle(x, y) v lle(y, z)]. 
However a stable relation having this property also satisfies D3, i.e. is 
in <X8. The interest of introducing the corresponding species of relations 
depends on the existence of a non-stable relation having this porperty. 
I do not know of an interesting example of such a relation (not in ,x), 
thus for the moment I do not consider this species of relations. Evidently 
we have 
Theorem 2.2.: y _,.. ,X_,.. s8. 
Proof: The first inclusion follows from <X _,.. y by contraposition and 
the second one thus: Let a= le, with e E <X, then 
(le(x, y) & le(y, z)) ~ l(e(x, y) v e(y, z)) 
and contraposition applied to the implication of D3 yields 
l(e(x, y) v (!(y, z)) _,.. le(x, z). 
By combining we have 
(x)(y)(z) [a(x, y) &a(y, z) _,.. a(x, z)]. 
There is another property which proves to be of some interest m 
connection with difference relations: 
D4 (x)(y)(z) [e(x, y) & le(x, z) _,.. e(y, z) ]. 
Easily follows 
Theorem 2.3: Any element of <X satisfies D4. 
Proof: If e E <X we have 
(x)(y)(z) [e(x, y) _,.. e(x, z) v e(y, z)] 
and by 
e(x, y) & le(x, z) _,.. [e(x, z) v e(y, z)] & le(x, z) _,.. e(y, z) 
we obtain D4. 
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Remark 2.2: In [9], sect: 2.2.3. th. 2 it is shown directly for real 
numbers 
(a# b) & (a=a') --?-(a' #b). 
The above theorem 2.3 makes ·explicit the logical dependence of 
[9], sect. 2.2.3. Th. 2 on the theorems l, 3 and 4 of the same section 
which latter theorems establish the fact that # belongs to ()(, (with 
l # --?- = for the meaning of = ). 
By taking D4 as an axiom we introduce a new kind of relations. 
Definition 2.2: A f'i'-difference relation is a relation which satisfies 
Dl, D2, 
DE3 (x)(y)(z) [\J(x, y) & le(y, z) --?- le(x, z)) 
and D4. 
Dl, D2, and DE3 together imply l(! E ss. The species of f'i'-difference 
relations is denoted by P' and that of negations of f'i'-difference relations by {J: 
Theorem 2.4: y is the species of relations satis.fying Dl, D2, DE3. 
Proof: We verify D5 for relations (! satisfying Dl, D2, DE3. 
By DE3: 
hence 
lle(x, z)--?- l[le(x, y) & le(y, z)) B- ll[e(x, y) v e(y, z)], 
together with 
e(x, z) --?- lle(x, z) 
we have 
e(x, z) --?- ll(e(x, y) v e(y, z)) 
from which follows D5. Conversely from (a) we get 
1((!(X, y) V (!(y, z)) --?- l(!(X, z), 
so 
le(x, y) & le(y, z) --?- le(x, z), 
from which follows DE3. 
(a) 
Corollary: P' --?- y. The example Ent (X, Y) (cf. 3.) shows that the 
inclusion is proper in the following sense. There exist species X, Y, Z 
suiDl that Ent (X, Y) & lEnt (X, Z) --?- Ent (Y, Z) can not be asserted. 
Let X be the species of re11,l nu:rp.bers, Y ~h{l f?pecies of real. l).Umpers x 
such that x # 0 and Z the species of real numbers x such that x#O. 
Then Ent (X, Y), since for 0 EX we have for all y E Y: 0 # y. Further 
1Ent (X, Z), for suppose Ent (X, Z), i.e .. there exists an xo E X such 
that for all z E Z we have x0 # z. Then for x0 the assertion xo # 0 .i13 
contradictory, because x0 # 0 implies x0 E Z, hence it would follow xo = 0, 
which is contradictory by [9], sect. 8.1.2. Th. l. Thus no such xo exists, 
i.e. 1Ent (X, Z). However Ent (Y, Z) can not be asserted. 
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Corollary to theorem 2.3: ex ---+ {J. Inequality of real numbers is in 
fJ but not in ex, as is seen with the help of [6] (cf. [9], sect. 8.1.1.). 
Let ~ be a proposition which has not been tested. Then define real 
number generators x={xn} and z={zn} as follows: As long as~ has not 
been tested, choose Xn = Zn = 0; if ~ is tested between the choice of 
Xm and Xm+l and m is even, choose Xm+k =2-m and Zm+k = 0 for all k > 0, 
if m is odd, choose Xm+k = 0 and Zm+k = -2-m for all k > 0. Then none 
of the propositions x=O, x'.FO, z=O, z'.FO can be asserted. However for 
x-z={xn-Xn} we have: Xn-Zn=O as long as ~ has not been tested 
and Xm+k- Zm+k =2-m for all k > 0 if ~ has been tested between the 
choice of Xm and Xm+l· Then it follows x- z '.F 0, i.e. x '.F z. Thus '.F ¢= ex. 
This shows that the inclusion is proper in the same sense as in the 
preceding corollary, hence ex ---+ fJ ---+ y. 
Remark 2.3: D4 may be weakened to 
D4' (x)(y)(z) [e(x, y) & le(x, z) ---+ lle(y, z) ], 
which any element of ex satisfies. However it is easily seen that D4' is 
a consequence of Dl, D2, DE3. The introduction of the corresponding {J' . 
would yield y by theorem 2.4, hence nothing new. 
Let us next consider the species of stable relations. 
Theorem 2.5: 8 = {Js. 
Proof: Let l!.? E s. Assume le(x, y) and lle(x, z). If lle(y, z) then 
lle(x, y) (by lle(x, z) & lle(y, z)---+ lle(x, y)) contradicting the assump-
tion le(x, y), hence le(y, z). 
The other conditions for le E {Js are even more trivial, so 8 ---+ {Js. 
Now suppose e E {Js, then by definition leE B and lle=e E 8. 
Remark 2.4: From theorem 2.5 it follows that we have a companion 
result to that mentioned in remark 2.2; since inequality of real numbers 
is in 8 it is in {Js, hence satisfies D4. 
Theorem 2.6: {Js=ys. 
Proof: If e E ys then leE 88 by theorem 2.2, hence lle=e E 8 = {Js. 
the converse is obvious. 
Thus we have cxs ---+ {Js = ys = 8, in which the inclusion is proper ( cf. 
inequality for real numbers). Combining the results for non-stable and 
stable relations we get the diagram: 
iX ---+ fJ ---+ y 
t t 
iX8 ---+ {Js 
cxs ---+ex and {Js ---+ fJ because there is the non-stable relation # which is 
in ex; this example shows at the same time ex +~ {Js and inequality shows 
{Js +l- ex. 
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The elements of 8 correspond to Brouwer's virtual order relations, 
which are characterized by an unextendibility property (cf. [4], [9]). In 
essentially the same way the e- relations (call these virtual difference 
relations) may be characterized as unextendible difference relations. 
3. In [2] BROUWER gave a systematic account of equivalence- and 
difference relations for points and species of points. In [3] one further 
relation was added to the list in [2]. If one reads the list of relations one 
observes that still one relation is lacking, which will be supplied below. 
Let x, y, ... denote real numbers and X, Y, ... species of real numbers 
(or points in n dimensional real numerical space Rn and species in Rn 
resp., cf. [9], ch. V). Let V(x,y) x#y; lV(x,y) is equality and 
ll V(x, y) is inequality. Thus V(x, y) E <X, l V(x, y) E {38 and ll V(x, y) E {38 
but not in <XS. 
The relations for species are (cf. [2]): 
1. equivalences: Zus (X, Y), Ver (X, Y), Kon (X, Y) and Ueb (X, Y), 
2. differences: Losw (X, Y), Losl (X, Y), Abs (X, Y), Abw (X, Y), 
Weg (X, Y) and Ent (X, Y). In [3] the following implication diagram 
is given: 
Zus-+ Ver -+ Kon-+ Ueb 
Losw +- Losl +- Abs 
t t 
Abw +- Weg +- Ent 
The diagram itself suggests that it is incomplete and in fact consider 
Zus more in detail. With the help of the intuitionistic inclusion predicate 
for species (cf. [9], ch. III) Zus may be expressed briefly as: 
Zus (X, Y) (XC Y) & (Y C X), 
hence 
lZus (X, Y) - ll(l(X, C Y) v l(Y C X)). 
lZus is Brouwer's Losw. Now introduce the Abheftungsrelation by 
Abh (X, Y) - l(X C Y) v l(Y C X), then Losw = llAbh, 
essentially weaker than Abh. One easily sees Abw -+ Abh (the converse 
does not hold) and we get the following diagram (where Ver,_ Kon, Ueb, 
Losw, Losl, and Abs are expressed in Abh, Abw and Weg): 
Zus-+ lAbh-+ lAbw-+ lWeg 
llAbh +- llAbw +- llWeg 
t t t 




The relation sin the first line are in s (s8), those of the second in {38, 
but llAbh E <X8 can not be asserted, those of the third line are in y, 
but Abh E f3 can not be asserted. 
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4. For real numbers the negation of the apartness relation is equality. 
We have a similar result concerning Ent (X, Y) and Zus (X, Y) for a 
suitable species of species. 
Let S denote a located compact species and K the species of located 
compact subspecies of S ( cf. [ 4 ], or read for K the species of bounded 
closed located species of the plane, for which cf. [9], sect. 5.2.1.). V(x, y) 
here stands for the apartness relation for elements of a spread. 
Theorem 4.1: lEnt (X, Y) =Zus (X, Y) for arbitrary X, Y E K. 
Proof: 
lEnt (X, Y) l(Ex)(y) [x EX & y E Y ~ V(x, y)] & 
& l(Ey)(x) [x EX & y E Y ~ V(x, y)]. 
It suffices to show that 
l(Ex)(y) [x EX & y E Y -+ V(x, y)] 
implies 
(x) [x EX ~ (Ey) (y E Y & l V(x, y))]. 
Let x0 EX then (y)[y E Y ~ V(xo, y)] is equivalent to dist (xo, Y)>O, 
because Y is located compact, hence 
l(y) [y E Y ~ V(xo, y)]-<+ dist (xo, Y) = 0-<+ xo E Y, 
because Y is located compact, hence 
(x)l(y) [y E Y ~ V(x, y)]-<+ (x) [x E Y]. 
In the same way one shows that all y are in X, so Zus (X, Y). The 
converse Zus (X, Y) ~lEnt (X, Y) is true for any X and Y, hence on 
K lEnt and Zus are equivalent. 
Theorem 4.2: Ent (X, Y) ~ [Ent (X, Z) vEnt (Y, Z)] for arbitrary 
X, Y, Z in K (i.e. Ent (X, Y) on K is in ex). 
Proof: Suppose Ent (X, Y), i.e. 
(Ex)(y) [x EX & y E Y ~ V(x, y)] v (Ey)(x) [x EX & y EX ~ V(x, y)]. 
Consider the first member of the disjunction. This means we have an xo 
such that for ally E Y we have dist (x0, y) > 0. Since Y is located compact 
it follows dist (xo, Y) =a> 0. Let Z E K be arbitrary, then dist (x0, Z) = b 
exists. a and b are real numbers, thus either 0 # b or a # b, because 
a # 0 ([9], sect. 2.2.3. th. 4). If 0 # b then Ent (X, Z). If a # b, then 
either a> b or a> b. Suppose a> b then a z0 in Z exists such that 
\dist (xo, zo)-b\<!(a-b). For any y E Y we have dist (x0, y);;;;;;.a, hence 
in virtue of the triangle inequality 
dist (zo, y);;;;;;, dist (xo, y)- dist (xo, z0 );;;;;;, !(a-b)> 0, 
for ally in Y, which implies Ent (Y, Z). If a<b we find in the same way 
a yo in Y such that for all z in Z holds V(xo, z). 
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I am indebted to Professor Dr. A. HEYTING for his kind help in the 
preparation of this note, for which I wish to express my gratitude. 
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